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Abstract
N = 6 conformal supergravity in three dimensions is studied in an
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formation laws and a Lagrangian of the conformal supergravity multiplet.
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1. Introduction
Conformal supergravities in three dimensions have attracted some attention re-
cently. They are naturally coupled to conformally invariant effective theories of M2
branes such as the BLG theory [1–3] with N = 8 supersymmetry and the ABJM
theory [4] with N = 6 supersymmetry. N = 8 and N = 6 conformal supergravi-
ties were constructed and were coupled to the BLG theory and the ABJM theory
respectively in [5–8]. On-shell conformal supergravity multiplets, which consist of a
gravitational field, Rarita-Schwinger fields and vector gauge fields, were used. For
on-shell multiplets commutators of two local supertransformations close only when
field equations are used. Lagrangians of pure conformal supergravities consisting
only of a conformal supergravity multiplet as well as Lagrangians of the coupled
theories were constructed.
Off-shell N = 8 and N = 6 conformal supergravity multiplets were discussed
in [9, 8] using the superfield formulation [10, 11]. The off-shell multiplets contain
scalar and spinor auxiliary fields in addition to the fields of on-shell multiplets.
Field equations of a pure conformal supergravity were given in terms of superfields.
Couplings to the BLG theory and the ABJM theory were also discussed and field
equations of the coupled theories were given in terms of superfields.
Off-shell N = 8 conformal supergravity multiplet was also discussed using a
component field formulation in [12]. Local symmetry transformation laws of the
conformal supergravity multiplet were obtained from those of N = 8 gauged super-
gravity in four dimensions [13] using an idea of the AdS/CFT correspondence [14–16]
in the same way as in [17]. The off-shell conformal supergravity multiplet was then
coupled to the BLG theory as a background field, and a Lagrangian of the coupled
theory was obtained.
More recently, Lagrangians of N ≤ 5 pure conformal supergravities were ob-
tained in a new superfield formulation [18,19]. The Lagrangians were given in terms
of superfields as well as in terms of component fields. However, such Lagrangians of
off-shell conformal supergravity multiplets have not yet been constructed for N = 8
or N = 6.
The purpose of the present paper is to study N = 6 conformal supergravity
in three dimensions in an off-shell component field formulation. We obtain local
symmetry transformation laws and a Lagrangian of a pure conformal supergravity.
We also study its coupling to the ABJM theory and obtain local symmetry trans-
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formation laws and a Lagrangian of the coupled theory. By eliminating auxiliary
scalar and spinor fields in the off-shell conformal supergravity multiplet by their
field equations we reproduce the results of the on-shell formulation [6, 7].
The organization of this paper is as follows. In section 2 the field content of the
off-shellN = 6 conformal supergravity multiplet and local symmetry transformation
laws of the fields are obtained from those of the N = 8 conformal supergravity [12]
by a truncation of fields. We then construct a Lagrangian of a pure N = 6 conformal
supergravity in section 3. In section 4 we obtain local symmetry transformations and
an invariant Lagrangian of the ABJM theory coupled to the conformal supergravity
multiplet. As an application of this Lagrangian we obtain a supercurrent multiplet
of the ABJM theory in a flat background in section 5. In section 6 we study a
relation of the off-shell formulation obtained in the present paper and the on-shell
formulation in [6, 7]. In Appendix A we explain our notations and conventions. In
Appendix B we give definitions and properties of SU(4) matrices used in the text.
2. Conformal supergravity multiplet
In this section we obtain local symmetry transformation laws of N = 6 conformal
supergravity in three dimensions from those of the N = 8 conformal supergravity
given in [12]. The field content of the off-shell N = 8 conformal supergravity
multiplet is
N = 8 : eµa, ψIµ, BIJµ , λIJK, EIJKL, DIJKL, (2.1)
where eµ
a(x) is a dreibein, ψIµ(x) are 8 Majorana Rarita-Schwinger fields, B
IJ
µ (x)
are 28 SO(8) gauge fields, λIJK(x) are 56 Majorana spinor fields and EIJKL(x),
DIJKL(x) are 70 real scalar fields. Here, I, J,K, · · · = 1, 2, · · · , 8 are SO(8) vector
indices∗. The multiple SO(8) indices of the fields are totally antisymmetric, e.g.,
DIJKL = D[IJKL]. The scalar fields also satisfy (anti) self-duality conditions
EIJKL = − 1
4!
ηǫIJKLMNPQEMNPQ,
DIJKL = +
1
4!
ηǫIJKLMNPQDMNPQ, (2.2)
∗In [12] we used SO(8) spinor indices of negative chirality α, β, γ, · · · = 1, 2, · · · , 8 instead of
SO(8) vector indices I, J,K, · · · = 1, 2, · · · , 8 for the conformal supergravity multiplet. One can
consistently replace the spinor indices there by the vector indices as in (2.1).
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Field eµ
a ψIµ B
IJ
µ Bµ λ
IJK λI EIJ DIJ
Weyl weight 1 1
2
0 0 −3
2
−3
2
−1 −2
SU(4) representation 1 6 15 1 20 6 15 15
U(1) charge 0 0 0 0 0 0 0 0
Table 1: The field content of the N = 6 conformal supergravity multiplet.
where η is a parameter taking a value +1 or −1. Local symmetry transformations
of these fields are general coordinate transformation δG(ξ) with a parameter ξ
µ(x),
local Lorentz transformation δL(λ) with a parameter λab(x) = −λba(x), Weyl trans-
formation δW (Λ) with a parameter Λ(x), local SO(8) transformation δg(ζ) with
a parameter ζIJ(x) = −ζJI(x), local supertransformation δQ(ǫ) with a Majorana
spinor parameter ǫI(x) and super Weyl transformation δS(η) with a Majorana spinor
parameter ηI(x).
N ≤ 6 conformal supergravity multiplets can be obtained from the N = 8
multiplet by consistent truncations, i.e., by setting some of the fields to zero in such a
way that a part of supersymmetry is preserved. Their local symmetry transformation
laws are easily derived from those of the N = 8 multiplet.
A truncation to the N = 6 multiplet is given by setting ψI′µ = 0, BIJ ′µ =
0, λIJK
′
= 0, DIJKL
′
= 0, EIJKL
′
= 0, where I, J,K, · · · = 1, 2, · · · , 6 and
I ′, J ′, K ′, · · · = 7, 8. These conditions are invariant under the super and super Weyl
transformations when the transformation parameters satisfy ǫI
′
= 0, ηI
′
= 0. The
remaining independent fields are
N = 6 : eµa, ψIµ, BIJµ , B78µ , λIJK , λI78, EIJ78, DIJ78, (2.3)
where I, J,K, · · · = 1, 2, · · · , 6. The fields DIJKL, EIJKL are related to DIJ78, EIJ78
in (2.3) by the self-duality conditions (2.2). The SO(8) gauge symmetry of theN = 8
multiplet is reduced to SO(6) × SO(2) ∼ SU(4) × U(1), whose gauge fields are BIJµ
and B78µ in (2.3). The fields in (2.3) constitute the N = 6 conformal supergravity
multiplet. This multiplet was previously obtained in the superfield formulation [8].
In the following we drop the superscript 78 of the fields in (2.3) as in Table 1.
Local symmetry transformation laws of the N = 6 conformal supergravity multi-
plet can be derived from those of the N = 8 multiplet given in [12]. Local symmetry
transformations of the N = 6 multiplet are general coordinate transformation δG(ξ),
local Lorentz transformation δL(λ), Weyl transformation δW (Λ), SO(6) × SO(2) ∼
4
SU(4) × U(1) gauge transformation δg(ζ), local supertransformation δQ(ǫ) and su-
per Weyl transformation δS(η), where ξ
µ(x), λab(x), Λ(x), ζ
IJ(x), ζ(x), ǫI(x) and
ηI(x) are transformation parameters. Weyl weights, SU(4) representations and U(1)
charges of the fields are given in Table 1. Note that all the fields in the conformal
supergravity multiplet do not have a non-zero U(1) charge. Bosonic transformation
laws other than the Weyl and U(1) transformations are obvious from the index struc-
ture of the fields. For instance, the bosonic transformations of the Rarita-Schwinger
fields with Weyl weight 1
2
are
(δG + δL + δW + δg)ψ
I
µ = ξ
ν∂νψ
I
µ + ∂µξ
νψIν −
1
4
λabγ
abψIµ +
1
2
ΛψIµ − ζIJψJµ . (2.4)
The local supertransformation δQ(ǫ) and the super Weyl transformation δS(η) are
given by
δQeµ
a =
1
4
ǫ¯IγaψIµ, δQψ
I
µ = Dµǫ
I ,
δQB
IJ
µ = −ǫ¯[IψJ ]µ+ +
1
2
√
2
ǫ¯Kγµλ
IJK +
1
4
√
2
ηǫIJKLMN ǫ¯KψLµE
MN ,
δQBµ =
1
2
√
2
ǫ¯Iγµλ
I − 1
2
√
2
ǫ¯IψJµE
IJ ,
δQλ
IJK = − 3
4
√
2
γµνǫ[IGˆJK]µν +
1
2
ηǫIJKLMNǫLDMN
+
1
4
ηǫIJKLMNγµǫLDˆµE
MN − 3√
2
ǫLE[IJEKL],
δQλ
I = − 1
4
√
2
γµνǫIGˆµν + ǫ
JDIJ − 1
2
γµǫJDˆµE
IJ
+
1
8
√
2
ηǫIJKLMNǫJEKLEMN ,
δQE
IJ =
1
2
ǫ¯[IλJ ] − 1
4!
ηǫIJKLMN ǫ¯KλLMN ,
δQD
IJ =
1
2
ǫ¯[Iλ
J ]
+ +
1
4!
ηǫIJKLMN ǫ¯KλLMN+ (2.5)
and
δSeµ
a = 0, δSψ
I
µ = γµη
I , δSB
IJ
µ =
1
2
η¯[IψJ ]µ ,
δSBµ = 0, δSλ
IJK = −1
2
ηǫIJKLMNηLEMN , δSλ
I = ηJEIJ ,
δSE
IJ = 0, δSD
IJ = −1
4
η¯[IλJ ] − 1
2 · 4!ηǫ
IJKLMN η¯KλLMN . (2.6)
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Here, we have defined
ψIµ+ =
1
4
γρσγµψ
I
ρσ, ψ
I
µν = D[µψ
I
ν],
λIJK+ = −
1
2
γµDˆµλ
IJK +
1
2
ηǫIJKLMNγµψLµ+E
MN
− 3
4
√
2
ηǫMNPQ[IJλK]MNEPQ +
3√
2
λ[IEJK],
λI+ = −
1
2
γµDˆµλ
I − γµψJµ+EIJ +
1
2
√
2
λIJKEJK ,
GˆIJµν = G
IJ
µν + 2ψ¯
[I
[µψ
J ]
ν]+ −
1√
2
ψ¯K[µγν]λ
IJK − 1
4
√
2
ηǫIJKLMN ψ¯Kµ ψ
L
νE
MN ,
Gˆµν = Gµν − 1√
2
ψ¯I[µγν]λ
I +
1
2
√
2
ψ¯Iµψ
J
νE
IJ ,
DˆµE
IJ = DµE
IJ − 1
2
ψ¯[Iµ λ
J ] +
1
4!
ηǫIJKLMNψ¯Kµ λ
LMN ,
Dˆµλ
IJK = Dµλ
IJK +
3
4
√
2
γρσψ[Iµ Gˆ
JK]
ρσ −
1
2
ηǫIJKLMNψLµD
MN
− 1
4
ηǫIJKLMNγρψLµ DˆρE
MN +
3√
2
ψLµE
[IJEKL],
Dˆµλ
I = Dµλ
I +
1
4
√
2
γρσψIµGˆρσ − ψJµDIJ +
1
2
γρψJµDˆρE
IJ
− 1
8
√
2
ηǫIJKLMNψJµE
KLEMN . (2.7)
The covariant derivative Dµ contains the spin connection and the SO(6) × U(1)
gauge fields and is given by, e.g., for ǫI
Dµǫ
I =
(
∂µ +
1
4
ωˆµabγ
ab
)
ǫI +BIJµ ǫ
J . (2.8)
The spin connection ωˆµab satisfies the torsion condition
Dµeν
a −Dνeµa = 1
4
ψ¯Iµγ
aψIν (2.9)
and is given by
ωˆµab = ωµab(e) +
1
8
(ψ¯Iaγµψ
I
b + ψ¯
I
µγaψ
I
b − ψ¯IµγbψIa), (2.10)
where ωµab(e) is the spin connection without torsion. The curvature tensor made
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from the spin connection ωˆµab satisfies
Rµν
ab = 4e[µ
[aRν]
b] − e[µaeν]bR,
R[µν] = −3
4
ψ¯I[ργ
ρψIµν]. (2.11)
The field strengths of the SO(6) × U(1) gauge fields are
GIJµν = ∂µB
IJ
ν − ∂νBIJµ +BIKµ BKJν − BIKν BKJµ ,
Gµν = ∂µBν − ∂νBµ. (2.12)
Commutators of these local symmetry transformations close off-shell since those
of the N = 8 transformations close off-shell [12] and the truncation is consistent
with the N = 6 local symmetries. We find that the commutators of the fermionic
transformations are
[δQ(ǫ1), δQ(ǫ2)] = δG(ξ) + δL(λ) + δg(ζ) + δQ(ǫ
′) + δS(η
′),
[δQ(ǫ), δS(η)] = δW (Λ) + δL(λ
′) + δg(ζ
′) + δS(η
′′),
[δS(η1), δS(η2)] = 0, (2.13)
where the transformation parameters appearing on the right-hand sides are
ξµ =
1
4
ǫ¯I2γ
µǫI1, λab = −ξµωˆµab,
ζIJ = −ξµBIJµ +
1
4
√
2
ηǫIJKLMN ǫ¯K2 ǫ
L
1E
MN ,
ζ = −ξµBµ − 1
2
√
2
ǫ¯K2 ǫ
L
1E
KL, ǫ′I = −ξµψIµ,
η′I =
1
2
ξµγρσγµψ
I
ρσ −
1
16
ǫ¯
[I
2 ǫ
J ]
1 γ
ρσψJρσ −
1
2
√
2
ǫ¯K2 ǫ
L
1 λ
IKL
− 1
16
ǫ¯
(I
2 γ
µǫ
J)
1 (2γ
ρσγµ + γµγ
ρσ)ψρσ,
Λ = −1
4
ǫ¯IηI , λ′ab =
1
4
ǫ¯Iγabη
I , ζ ′IJ = −1
2
ǫ¯[IηJ ],
ζ ′ = 0, η′′I =
1
8
γµǫI η¯JψJµ . (2.14)
We can further truncate the N = 6 conformal supergravity multiplet to N ≤ 5
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multiplets. We find that consistent truncations give the multiplets
N = 5 : eµa, ψIµ, BIJµ , λIJK , λ6, EI6, DI6,
N = 4 : eµa, ψIµ, BIJµ , λIJK , E56, D56,
N = 3 : eµa, ψIµ, BIJµ , λ123,
N = 2 : eµa, ψIµ, B12µ ,
N = 1 : eµa, ψ1µ, (2.15)
where I, J, · · · = 1, 2, · · · ,N for each case. The field contents of these multiplets
coincide with those obtained in the superfield formulation [8]. Local symmetry
transformation laws of these multiplets can be derived from those of the N = 6
multiplet. The SO(6) × U(1) gauge symmetry of the N = 6 multiplet reduces to
SO(N ) whose gauge fields are BIJµ .
Local supertransformations and super Weyl transformations of component fields
for N ≤ 5 were recently obtained by the superfield formulation [19]. The multiplets
in [19] contain a gauge field of dilatation bµ in addition to the fields in (2.15), which
can be eliminated by a special conformal gauge transformation. We expect that our
transformations for N ≤ 5 derived from the N = 6 multiplet will coincide with the
transformations in [19] when bµ is eliminated.
3. Pure conformal supergravity
Let us first consider a theory which contains only the N = 6 conformal super-
gravity multiplet. Such a theory was previously constructed in the on-shell formu-
lation [6]. Here, we reconsider it in the off-shell formulation.
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We find that the Lagrangian in the off-shell formulation is
LCSG = 1
2
ǫµνρ
(
ωˆµ
a
b∂ν ωˆρ
b
a +
2
3
ωˆµ
a
bωˆν
b
cωˆρ
c
a
)
+
1
4
eψ¯µνγ
ρσγµνψρσ
− ǫµνρ
(
BIJµ ∂νB
JI
ρ +
2
3
BIJµ B
JK
ν B
KI
ρ
)
− 2ǫµνρBµ∂νBρ
+
1
3
eλ¯IJKλIJK − 2eλ¯IλI − 8eDIJEIJ + 1
3
√
2
ηeǫIJKLMNEIJEKLEMN
+
1
6
ηeǫIJKLMN λ¯IJKγµψLµE
MN + 2eλ¯IγµψJµE
IJ
+ eψ¯Iµγ
µνψJν
(
EIKEJK − 1
4
δIJEKLEKL
)
. (3.1)
The first four terms, which only depend on the on-shell multiplet (eµ
a, ψIµ, B
IJ
µ , Bµ),
give the Lagrangian of the on-shell formulation [6]. We added other terms such that
the Lagrangian is invariant up to total divergences under all the local symmetry
transformations of the off-shell formulation discussed in the previous section. In
particular, this Lagrangian is invariant under the super and super Weyl transforma-
tions (2.5), (2.6) up to total divergences.
Field equations of the fields λIJK , λI , EIJ , DIJ are algebraic and therefore
they are auxiliary fields. In the present case of no matter fields the field equations
give λIJK = 0, λI = 0, EIJ = 0, DIJ = 0. Substituting these solutions into the
Lagrangian (3.1) and the fermionic transformations (2.5), (2.6) we obtain those of
the on-shell formulation [6].
We also note that Lagrangians of the pure conformal supergravities with N ≤ 5
supersymmetry in the off-shell formulation can be easily derived from (3.1) by the
truncations (2.15). Lagrangians in the off-shell formulation were previously obtained
for N = 1 in [20], for N = 2 in [21], and more recently for 3 ≤ N ≤ 5 in [19]. Our
results are consistent with them.
4. The ABJM theory coupled to conformal supergravity
In this section we couple the off-shell N = 6 conformal supergravity multiplet
constructed in the previous sections to the ABJM theory. The ABJM theory [4] is a
three-dimensional field theory which has an N = 6 superconformal symmetry. We
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Field ZAi ΨAi A˜µ
j
i
Weyl weight −1
2
−1 0
SU(4) representation 4 4¯ 1
U(1) charge 1
2
1
2
0
Table 2: The field content of the ABJM multiplet.
use a formulation of it in terms of the 3-algebra [22]. The field content of the ABJM
theory is complex scalar fields ZAi (x), complex spinor fields ΨAi(x) and 3-algebra
gauge fields A˜µ
j
i(x) = Aµ
l
k(x)f
jk
li as shown in Table 2, where A,B, · · · = 1, 2, 3, 4
are SU(4) indices and i, j, k, · · · = 1, 2, · · · , n are 3-algebra indices. The structure
constant of the 3-algebra f ijkl satisfies
f ijkl = f
[ij]
[kl] = (f
kl
ij)
∗, f ijp[kf
pm
l]n = f
m[i
npf
j]p
kl. (4.1)
Complex (charge) conjugates of the fields are (ZAi )
∗ = Z¯ iA, (ΨAi)
c = ΨAi and
(A˜µ
j
i)
∗ = −A˜µij . The 3-algebra gauge transformations of the fields are
δg3Z
A
i = Z
A
j Λ˜
j
i, δg3ΨAi = ΨAjΛ˜
j
i,
δg3A˜µ
j
i = DµΛ˜
j
i = ∂µΛ˜
j
i − Λ˜jkA˜µki + A˜µjkΛ˜ki, (4.2)
where Λ˜ji(x) = Λ
l
k(x)f
jk
li is a transformation parameter, which satisfies (Λ˜
j
i)
∗ =
−Λ˜ij . The field strength of A˜µji is given by
F˜µν
j
i = ∂µA˜ν
j
i − ∂νA˜µji + A˜µjkA˜νki − A˜νjkA˜µki. (4.3)
To couple the conformal supergravity to the ABJM theory we will only consider
the case in which the sign parameter is η = +1 since we could not find local su-
pertransformations whose commutator algebra closes on ΨAi when η = −1. By the
standard Noether procedure starting from the theory in a flat background [22] we
can obtain local symmetry transformation laws and a Lagrangian of the coupled
theory.
First we shall give local symmetry transformation laws of the ABJM fields.
Transformation laws of the conformal supergravity fields remain the same as in
section 2 since they have the closed commutator algebra off-shell. Weyl weights,
SU(4) representations and U(1) charges of the ABJM fields are given in Table 2.
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Bosonic transformation laws other than the Weyl and U(1) transformations are ob-
vious from the index structure of the fields. The local supertransformation δQ(ǫ)
and the super Weyl transformation δS(η) of the ABJM fields are given by
δQZ
A
i = −
1
2
√
2
ǫ¯IΨBi(Σ¯
I)AB,
δQΨAi = − 1
2
√
2
γµǫI(ΣI)ABDˆµZ
B
i +
1
2
√
2
ǫI(ΣI)BCY
BC
Ai
− 1
8
i ǫK(ΣIJΣK)ABZ
B
i E
IJ ,
δQA˜µ
j
i =
1
2
√
2
fkjli(Σ
I)AB ǫ¯
IγµΨ
BlZAk +
1
2
√
2
fkjli(Σ¯
I)AB ǫ¯IγµΨBkZ¯
l
A
+
1
4
fkjli(Σ
IJ)A
B ǫ¯IψJµZ
A
k Z¯
l
B (4.4)
and
δSZ
A
i = 0, δSΨAi =
1
2
√
2
(ΣI)ABη
IZBi , δSA˜µ
j
i = 0, (4.5)
where
DˆµZ
A
i = DµZ
A
i +
1
2
√
2
(Σ¯I)ABψ¯IµΨBi,
Y BCAi = f
kl
ji(Z
B
k Z
C
l Z¯
j
A + δ
[B
A Z
C]
k Z¯
j
DZ
D
l ). (4.6)
Here, ΣI , Σ¯I and ΣIJ are SU(4) matrices, whose definitions and properties are given
in Appendix B. The covariant derivative Dµ contains the 3-algebra gauge fields in
addition to the spin connection and the SU(4) × U(1) gauge fields:
DµZ
A
i =
(
∂µ +
1
2
iBµ
)
ZAi −
1
4
BIJµ Z
B
i (Σ
IJ)B
A − ZAj A˜µji,
DµΨAi =
(
∂µ +
1
4
ωˆµabγ
ab +
1
2
iBµ
)
ΨAi +
1
4
BIJµ (Σ
IJ)A
BΨBi −ΨAjA˜µji. (4.7)
We obtained these fermionic transformation laws (4.4), (4.5) by requiring the
commutator algebra closes up to field equations of the ABJM fields. The commu-
tation relations we found are
[δQ(ǫ1), δQ(ǫ2)] = δG(ξ) + δL(λ) + δg(ζ) + δg3(Λ˜) + δQ(ǫ
′) + δS(η
′),
[δQ(ǫ), δS(η)] = δW (Λ) + δL(λ
′) + δg(ζ
′) + δS(η
′′),
[δS(η1), δS(η2)] = 0, (4.8)
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where the transformation parameters on the right-hand sides are given by (2.14)
and
Λ˜ji = −ξµA˜µji + 1
4
f jkilǫ¯
I
2ǫ
J
1 (Σ
IJ)A
BZAk Z¯
l
B (4.9)
for the 3-algebra gauge transformation. Actual commutation relations of two super-
transformations on the fields ΨAi and A˜µ
j
i are
[δQ(ǫ1), δQ(ǫ2)]ΨAi = · · · − 1
2
ξµγµEAi − 1
8
ǫ¯I2ǫ
J
1 (Σ
IJ)A
BEBi,
[δQ(ǫ1), δQ(ǫ2)]A˜µ
j
i = · · · − eǫµνρξνEρj i, (4.10)
where · · · denote the transformations appearing on the right-hand side of (4.8), and
EAi = γ
µDµΨAi + (2ΨBjZ¯
l
AZ
B
k −ΨAjZ¯ lBZBk + ǫABCDΨBlZCj ZDk )fkjli
+
1
2
√
2
γµγνψKµ (Σ
K)ABDˆνZ
B
i −
1
2
√
2
γµψIµY
BC
Ai (Σ
I)BC
− 1
4
√
2
γρσψKρσ(Σ
K)ABZ
B
i −
1
12
λKLM(ΣKLM)ABZ
B
i −
1
2
iλK(ΣK)ABZ
B
i
+
1
8
i(ΣKLΣM )ABγ
µψMµ E
KLZBi −
1
2
√
2
i(ΣKL)A
BΨBiE
KL,
Eµji =
1
2
e−1ǫµρσF˜ρσ
j
i + (Z¯
l
AD
µZAk −DµZ¯ lAZAk − Ψ¯AlγµΨAk)fkjli
− 1
2
√
2
[
ψ¯Iνγ
µγνΨAlZBk (Σ
I)AB + ψ¯
I
νγ
µγνΨAkZ¯
l
B(Σ¯
I)AB
]
fkjli
+
1
8
ψ¯Iργ
µρσψJσ (Σ
IJ)A
BZAk Z¯
l
Bf
kj
li. (4.11)
Therefore, the closure of the commutator algebra requires the conditions EAi = 0
and Eµji = 0. These conditions can be regarded as field equations of ΨAi and A˜µ
j
i.
Thus the algebra closes on-shell on the ABJM fields as in the original ABJM theory
in a flat background [22].
To find the Lagrangian of the ABJM theory coupled to the off-shell conformal
supergravity multiplet we start from the Lagrangian of the ABJM theory coupled to
gravitational field and add possible terms depending on other fields in the conformal
supergravity multiplet which are invariant under the bosonic transformations. The
terms depending on ΨAi and/or A˜µ
j
i are fixed so that their field equations give
the conditions EAi = 0 and E
µj
i = 0 for (4.11). Other terms are determined by
requiring invariance of the Lagrangian under the fermionic transformations (2.5),
(4.4) and (2.6), (4.5) up to total divergences. Finally, the complete invariance of the
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Lagrangian is shown. To show cancellations of terms in δQL and δSL we use (2.9),
(2.11) and identities of SU(4) matrices given in Appendix B. In this way we find the
Lagrangian as
LABJM = −eDµZ¯ iADµZAi −
1
2
e
(
Ψ¯AiγµDµΨAi −DµΨ¯AiγµΨAi
)− 2
3
e|Y BCAi |2
− 1
2
ǫµνρ
(
f ijklAµ
k
j∂νAρ
l
i +
2
3
f iklpf
pm
njAµ
j
iAν
l
kAρ
n
m
)
− 2ef ijklΨ¯AkΨBi
(
Z¯ lAZ
B
j −
1
2
δBA Z¯
l
CZ
C
j
)
+
[
−1
2
eǫABCDf
ij
klΨ¯
AkΨBlZCi Z
D
j +
1
4
√
2
eΨ¯AiγµνψIµν(Σ
I)ABZ
B
i
− 1
2
√
2
eΨ¯AiγµγνψIµ(Σ
I)ABDνZ
B
i +
1
2
√
2
eΨ¯AiγµψIµY
BC
Ai (Σ
I)BC
+
1
16
eψ¯Iµγ
µνρψJνDρZ
A
k Z¯
k
B(Σ
IJ )A
B + c.c.
]
− 1
8
e
(
R − 1
2
ψ¯Iµγ
µνρψIνρ
)
Z¯ iAZ
A
i
− 1
16
eψ¯Iµγ
µνψJνZ
A
i Z
B
j Z¯
k
CZ¯
l
Df
ij
kl
[
(ΣI)AB(Σ¯
J )CD + δIJδCAδ
D
B
]
− 1
16
eψ¯Iµγρψ
J
ν Ψ¯
Ai(γµνρ + gµνγρ)ΨBi(Σ
IΣ¯J )A
B
+
1
16
eψ¯Iµψ
J
ν Ψ¯
AiγµγνΨBi(Σ
IΣ¯J)A
B +
[
1
12
eλ¯IJKΨAi(ΣIJK)ABZ
B
i
+
1
2
ieλ¯IΨAi(ΣI)ABZ
B
i −
1
8
ieΨ¯AiγµψKµ Z
B
i E
IJ(ΣIJΣK)AB + c.c.
]
+
1√
2
ieEIJ
(
f ijklZ
A
i Z
C
j Z¯
k
BZ¯
l
C +
1
2
Ψ¯AiΨBi
)
(ΣIJ)A
B
+
1√
2
ieDIJ Z¯ iBZ
A
i (Σ
IJ )A
B − 1
4
eEIJEIJZ¯ iAZ
A
i
+
1
24
√
2
eλ¯IJKγµψLµ Z¯
i
BZ
A
i (Σ
IJKL)A
B − 1
4
√
2
ieλ¯IγµψJµ Z¯
i
BZ
A
i (Σ
IJ)A
B
− 1
4
√
2
ieψ¯Iµγ
µνψJν Z¯
i
BZ
A
i
[
EKI(ΣKJ)A
B − 1
4
δIJEKL(ΣKL)A
B
]
. (4.12)
The ABJM theory coupled to the off-shell N = 6 conformal supergravity multi-
plet was previously discussed in a superfield formulation [8]. Field equations were
given in terms of superfields although a Lagrangian was not given. We expect that
field equations derived from our Lagrangian (4.12) will coincide with a component
field expression of the field equations in [8].
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5. Supercurrent multiplet of the ABJM theory
As in [12] we can use the Lagrangian (4.12) to find a supercurrent multiplet [23]
of the ABJM theory in a flat background
eµ
a = δaµ, ψ
I
µ = B
IJ
µ = Bµ = λ
IJK = λI = EIJ = DIJ = 0. (5.1)
It can be obtained by computing derivatives of the Lagrangian (4.12) with respect
to the conformal supergravity fields and taking the flat background (5.1). We find
the supercurrent multiplet as
Tµν = 2D(µZ¯
i
ADν)Z
A
i − ηµνDρZ¯ iADρZAi −
1
4
(∂µ∂ν − ηµν∂2)(Z¯ iAZAi )
+
1
2
[Ψ¯Aiγ(µDν)ΨAi −D(νΨ¯Aiγµ)ΨAi]− 2
3
ηµν |Y BCAi |2,
SµI =
1
2
√
2
[
γνγµΨAiDνZ
B
i +
1
2
∂ν(γ
µνΨAiZBi ) + γ
µΨCiY ABCi
]
(ΣI)AB + c.c.,
JµIJ =
1
2
[
Z¯ iBD
µZAi −DµZ¯ iBZAi + Ψ¯AiγµΨBi
]
(ΣIJ)A
B,
Jµ =
1
2
i
[
Z¯ iAD
µZAi −DµZ¯ iAZAi − Ψ¯AiγµΨAi
]
,
RIJK =
1
12
[
(ΣIJK)ABΨ
AiZBi − (Σ¯IJK)ABΨAiZ¯ iB
]
,
RI =
1
2
i
[
(ΣI)ABΨ
AiZBi + (Σ¯
I)ABΨAiZ¯
i
B
]
,
M IJ =
1√
2
i
[
f ijklZ
A
i Z
C
j Z¯
k
BZ¯
l
C +
1
2
Ψ¯AiΨBi
]
(ΣIJ)A
B,
N IJ =
1
2
√
2
iZAi Z¯
i
B(Σ
IJ)A
B, (5.2)
where the covariant derivative Dµ contains only the 3-algebra gauge field A˜µ
j
i. Tµν ,
Sµ, JµIJ and Jµ are the energy-momentum tensor, the supercurrent and the SU(4)
× U(1) current, respectively. They satisfy conservation laws and (γ-)traceless con-
ditions
∂µT
µν = 0, ∂µS
µI = 0, ∂µJ
µIJ = 0, ∂µJ
µ = 0,
Tµ
µ = 0, γµS
µI = 0. (5.3)
RIJK , RI , M IJ , N IJ are quantities corresponding to the fields λIJK, λI , EIJ , DIJ ,
respectively. As in [12] we can construct conserved currents for the symmetry of the
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background (5.1) by multiplying Tµν , S
µ, JµIJ , Jµ by a conformal Killing vector,
a conformal Killing spinor and constant SU(4) × U(1) transformation parameters
respectively.
6. A relation to the on-shell formulation
The total Lagrangian of the coupled theory is
L = 1
g
LCSG + LABJM, (6.1)
where LCSG and LABJM are given in (3.1) and (4.12) respectively, and g is a conformal
gravitational coupling constant [7]. We can eliminate the auxiliary fields λIJK , λI ,
EIJ , DIJ by using their field equations to find the results in the on-shell formulation
[6] as follows.
The field equations of the auxiliary fields are algebraic again and can be used to
express them in terms of the ABJM fields as
EIJ =
1
8
√
2
ig (Z¯Z)B
A(ΣIJ)A
B,
λIJK = −1
8
gΨAiZBi (Σ
IJK)AB +
1
8
gΨAiZ¯
i
B(Σ¯
IJK)AB,
λI =
1
8
igΨAiZBi (Σ
I)AB +
1
8
igΨAiZ¯
i
B(Σ¯
I)AB,
DIJ =
1
8
√
2
igf ijklZ
A
i Z¯
k
B(Z¯Z)
l
j(Σ
IJ)A
B +
1
16
√
2
igΨ¯AiΨBi(Σ
IJ)A
B
+
1
64
√
2
ig2
[
(Z¯Z)B
C(Z¯Z)C
A − (Z¯Z)(Z¯Z)BA
]
(ΣIJ)A
B, (6.2)
where we have used abbreviations
(Z¯Z)A
B = Z¯ iAZ
B
i , (Z¯Z)
i
j = Z¯
i
AZ
A
j , (Z¯Z) = Z¯
i
AZ
A
i . (6.3)
Substituting these expressions into (6.1) we obtain the Lagrangian without auxiliary
15
fields as
L′ = L|λ,E,D=0 −
3
8
geΨ¯AiΨBjZ¯
j
AZ
B
i −
1
8
geΨ¯AiΨAj(Z¯Z)
j
i
+
1
4
geΨ¯AiΨBi(Z¯Z)A
B − 1
16
geΨ¯AiΨAi(Z¯Z) + ge
[
1
16
ǫABCDΨ¯
AiΨBjZCi Z
D
j
− 1
8
√
2
Ψ¯AiγµψIµ(Σ
I)CBZ
B
i (Z¯Z)A
C +
1
32
√
2
Ψ¯AiγµψIµ(Σ
I)ABZ
B
i (Z¯Z) + c.c.
]
+
1
64
geψ¯Iµγ
µνψJν (Z¯Z)B
A(Z¯Z)D
C
[
(ΣI)AC(Σ¯
J )BD +
1
4
δIJδBAδ
D
C
]
+
1
2
gef ijkl
[
(Z¯Z)ki(Z¯Z)
l
m(Z¯Z)
m
j − 1
4
(Z¯Z)(Z¯Z)ki(Z¯Z)
l
j
]
+
1
48
g2e
[
(Z¯Z)A
B(Z¯Z)B
C(Z¯Z)C
A − 3
2
(Z¯Z)(Z¯Z)A
B(Z¯Z)B
A +
5
16
(Z¯Z)3
]
.
(6.4)
This Lagrangian coincides with that of the on-shell formulation [6]. Substitution of
(6.2) into the fermionic transformations (2.5), (2.6), (4.4), (4.5) also gives those of
the on-shell formulation [6]. Thus, we see that our theory is an off-shell extension
of the on-shell formulation studied in [6, 7].
A. Notations and Conventions
Three-dimensional world and local Lorentz indices are denoted by µ, ν, · · · =
0, 1, 2 and a, b, · · · = 0, 1, 2, respectively. A flat metric is ηab = diag(−1,+1,+1)
and an antisymmetric symbol ǫabc is chosen as ǫ012 = +1. Symmetrization and
antisymmetrization of indices with weight one are denoted as (ab · · · ) and [ab · · · ],
respectively. Antisymmetrized products γab = γ[aγb], γabc = γ[aγbγc] of the three-
dimensional gamma matrices γa satisfy
γabc = −ǫabc, γab = −ǫabcγc, γa = 1
2
ǫabcγbc. (A.1)
SO(6) ∼ SU(4) indices are denoted as I, J,K, · · · = 1, 2, · · · , 6 and A,B,C, · · · =
1, 2, 3, 4. Antisymmetric symbols with these indices ǫIJKLMN , ǫABCD and ǫABCD are
chosen as ǫ123456 = +1, ǫ1234 = +1 and ǫ1234 = +1.
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B. SU(4) matrices
In this Appendix we summarize definitions and some properties of SU(4) matrices.
The 8× 8 gamma matrices of SO(6) can be chosen as
ΓI =
(
0 ΣI
Σ¯I 0
)
, (B.1)
where ΣI and Σ¯I are 4×4 matrices with components (ΣI)AB and (Σ¯I)AB and satisfy
(ΣI)T = −ΣI , Σ¯I = (ΣI)†. By the anticommutation relation of the SO(6) gamma
matrices {ΓI ,ΓJ} = 2δIJ they satisfy
ΣIΣ¯J + ΣJΣ¯I = 2δIJ , Σ¯IΣJ + Σ¯JΣI = 2δIJ . (B.2)
We denote antisymmetrized products of these matrices as
ΣIJ = Σ[IΣ¯J ], ΣIJK = Σ[IΣ¯JΣK], · · · ,
Σ¯IJ = Σ¯[IΣJ ], Σ¯IJK = Σ¯[IΣJ Σ¯K], · · · . (B.3)
In general the leftmost matrix in ΣIJ ··· is ΣI while that in Σ¯IJ ··· is Σ¯I . They satisfy
duality relations
(ΣIJKLMN)A
B = iǫIJKLMNδBA ,
(ΣIJKLM)AB = iǫ
IJKLMN(ΣN)AB,
(ΣIJKL)A
B = −1
2
iǫIJKLMN(ΣMN)A
B,
(ΣIJK)AB = −1
6
iǫIJKLMN(ΣLMN)AB (B.4)
and similar relations for Σ¯IJ ··· with opposite signs on the right-hand sides.
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Other useful identities are
(ΣI)AB = −1
2
ǫABCD(Σ¯
I)CD,
(ΣI)A[B(Σ
J)CD] = −1
3
ǫBCDE(Σ
IΣ¯J)A
E ,
(ΣI)[AB(Σ
J)CD] =
1
3
ǫABCDδ
IJ ,
(ΣI)AB(Σ¯
I)CD = −4δ[CA δD]B ,
(ΣIJ)A
B(ΣIJ)C
D = −8δDA δBC + 2δBAδDC ,
(ΣIJK)AB(Σ¯
IJK)CD = −48δ(CA δD)B ,
(Σ[I)AB(Σ¯
J ])CD = −2δ[C[A(ΣIJ)B]D],
ǫIJKLMN(ΣKL)A
B(ΣMN )C
D = −8iδBC (ΣIJ)AD − 8iδDA (ΣIJ)CB
+ 4iδDC (Σ
IJ)A
B + 4iδBA (Σ
IJ)C
D. (B.5)
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